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Abstract 

We have proposed a regularization technique and apply it to the Euler product of zeta 
functions in the part one. In this paper that is the second part of the trilogy, we give another 
evidence to demonstrate the Riemann hypotheses by using the approximate functional equa- 
tion. Some other results on the critical line are also presented using the relations between 
the Euler product and the deformed summation representions in the critical strip. In part 
three, we will focus on physical applications using these outcomes. 
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1 Introduction 



In the situation that regularizations by the zeta function have been successful with 
some physical applications, we proposed a regularization technique [I] applicable to the Euler 
product representation and gave a proof for the Riemann hypotheses by using this technique 
in the part one. In this part, we now focus on the zeros of the Riemann zeta function 
and the surrounding properties of the zereos including other evidences to demonstrate the 
Riemann hypotheses. The Euler product representation, which played an essential role in 
the first part, will be interpreted in terms of the summation representation on the critical 
line 3fJz = |. 

The definition of the Riemann zeta function is 

n oo , 1 \ 

az)= lim Uz)= lim5^- = n (1) 

n— >oo n^oo K \ Vk j 

k=\ k=\ ' 

for > 1, where the right hand side is the Euler product representation and is the fc-th 
prime number. Hereafter we adopt a notation C^i^z) for 3?^ > such as 

C(^) = lim = lim --^ E (2) 

k=l 

which is well regularized even in the critical strip < 3?^ < 1. 

Considering the approximate expansion formula for the Riemann zeta function, we pro- 
pose an evience for the elegant proof of the Riemann hyposesis in section 2. And in §3 we 
show the surrounding properties of the zereos for the Riemann zeta function by deforming 
the Euler product representation to the summation form on the critical line. We study the 
relation between the Euler product and the summation representation in section 4, and dis- 
cuss the relation between distributions of zeros and primes in connection with the Sato- Tate 
conjecture in §5. 



2 The expansion formula and the Riemann hyposesis 



The Euler-Maclaurin sum formula is given by 

N 



f{x)dx + -{f{M) + f{N)) + E 7^ [f^"'~'\^)]M + ^2., 

n=ivi 1 = 1 ^ 



(3) 



where B2j is the 2j-th BernouUi number and the remainder term: 



R2k 



1 



N 



(4) 
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We parametrize a complex variable z by two real variable such as z — s{- + it) as same 

as that in the first part. Using Euler-Maclaurin sum formula on the assumption of - = 3^2; > 
—2k, we get the relation 



oo ^ 

y- 



n=M 



x-^dx + ^M-' + I Bi{x){-z)x-^-^dx 



f°° 1 r 

/ x'^'dx + -M~'' + 



2j-2 



R 



2ki 



where 



R 



■2k 



-z{z^l)---{z^2k) 



f 



£■ 



2k+l[.X}X 



-2k-l 



dx. 



(5) 



(6) 
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As is well known we can go forward to the the expansion formula in the case of M > 2, 

2j-2 

2k- (7) 



M-1 

\ h -M + > , , 

z-\ 2 ^ 2? 

n=l j=l ^ ' 

The remainder term i?2fe can be estimated as follows: 



\R' 



■2k\ 



< 



z + 2k 



h + 2k + l 



z{z + l)---{z + 2k) 



{2n) 



2k+2 



^ \ 2k+2 



(8) 



where we put s = 1 and C{k) is constant only depending on k. This tells us that it is 

necessary for the remainder term to be M > — to converge. 

27r 

Taking account of the Euler-Maclaurin sum formula, we can put the regularized zeta 
function as 

lim U^) = lim {C„(^) - T^n^-^} (9) 

n— »oo n— +0O i — Z 



and a zero in the critical strip is the solution to the equation 

C(^) = lim Uz) = 0. (10) 

n— >oo 

As (1 — p) is also the solution when p is the solution of Eq. (fTOl) . a solution of the equation 

C(i-z)=o (11) 

is also a zero. Now we transform Eq. ([9]) to 

\iui{{l-z)Cn{z)-n^-'} = Q (12) 

n— >oo 

and substituting {1 — z) for we get 

lim {<„(1 - 2) - n^} = 0. (13) 

Combining these equations ffT2l) and (fT3l) . we get 

lim {^(1 - ^)Cn(^)Cn(l ~z)~n} = Q, (14) 

n^oo 

namely, 

n^oo („(z)(„(l - 2;) 

The solution p„ of the equation Cn(^) = is satisfied the relation 



1 r 

2 Y n^oo („(p„)(„(l - p„) 

On the other hand, the approximate functional equation by Hardy and Littlewood[2], 
which leads to the Riemann-Siegel formula, is given by 

C(^) = E A + ^ + 0{x~^'^) + 0(|t|V2-/V/^-i), (17) 

n<x n<y 

where < s/2(= 3?2) < l,a; > 1,?/ > l,27rx?/ = \t\ and -ff(-z) is given by 

H{z)=2T{l-z){2TiY-\m^. (18) 

For s > 2, the relation 

C(^) = i/(;^)5^^ = if(z)C(l-^) (19) 



n=l 



is satisfied and we write down ({1 — z) for < < 1 as, 

n=l 

Then the relation 



Ciz) = H{z)ai - z) (21) 

is satisfied for ^z > and substituting {I — z) for z, we conclude Eq. is satisfied for all 
z. 

We set n < x,n < y and \t\ = 2'Kxy > 27m, then 

C(^) = Cn(^) + H{z)Ul Rn{z), (22) 

where the remainder term Rn{z): 

Rn{z) = 0{n-''^) + 0{\t\^'^-''^n''^-^) 

= 0{n-''^) + 0{{2nnY'^-'/^n''^'^) (23) 

can be ignored by taking the limit of n — >■ cxd, namely 

lim Rn{z) = lim {0(n~^/2) ^ o{n~^/^)} = 0. (24) 

n^oo n^oo 

We put the relations at zeros 

Cn(Pn) = ^ , Cn(l " Pn) = (25) 

1 - Pn Pn 

into Eq. (l22i) together with Cn(Pn) = 0, we can write 



+ H{pn) + Rn{pn) = 0, 



5 

n 



I- Pn P' 

n^-^P" . 1 „ , . 1 



- Pn Pn 

Taking the limit of n — > oo, we get the relations 



+ + fi„(p„)— = 0. (26) 



ito = ito z3£A . z£M. (27) 

1 - Pn Pn P 



n— ►oo 



The right hand side of Eq. (1271) is finite, so the numerator of the left hand side lim ^''"| 

n— >oo 

must be finite. This means that the real part of (1 — 2p„) must converge to in the limit of 



5 



n ^ oo when the real part of (1 — 2p„) is positive. When 3?(1 — 2p„) < 0, we rewrite the 
left hand side of Eq. like 

hm = lim , (28) 

n^oo i - (i - n^oo p„ 

SO we get the same goal as lim 3?(2p„ — 1) = 0. After all, the Riemann hyposesis is satisfied 

n— ►oo 

including the trivial case 3?(1 — 2p„) = 0, 

p = lim pn = lim ( — \- itn] = — \- iX, (29) 



where A is real but t„ is not necessarily a real number. 

Now we think about the values of tn, which converge to a positive A in the limit of n ^ oo 
and put it into Eq. f|T6l) 



1 I W 

Pn = 



2 V Cn(Pn)Cn(l " Pn) 
2^VCn(|+^^n)Cn(|-^tn)' ^^^^ 



Thus we write the solution of the equation ({z) = 



1 / Tl 

p = hm <! — \- i 



°° 12 V Cn(Pn)Cn(l " Pn) 
I.e. (31) 



A = lim 



-"^ V + ^^n)Cn(| - itn) ' 

Using the n-th order relation of Eq. fl2T]) 



we get the relation 



Cn(^ - ^tn) = - ltn)ul ^ ^^^^ 



n 



Cn(2 ~^ itn)H(^^ ^^n)Cn(2 ~\~ it^ 

1 / n 



(33) 



This form will be utilize to calculate zeros of the Riemann zeta function by way of the limit 
of n oo. 
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3 The Euler product and a summation representation 

We write down the Euler product representation for the standard form discribed as same 
as the equation (25) in the first part 

fn{s, t) = fl(l-4j2 logpk) + A ) • (34) 



Here fn{s,t) and log/n(s, t) will diverge at the same time in ^ oo, because /„(s, t) is 
positive. As all non-trivial zeros of the Riemann zeta function is existed on s = 1, we study 
the following relation for s > 1 



" / 2 1 \ 

log/„(s,t) = Vlog 1 jj^cos{st\ogpk) + — ] 



2 . , N 1 

— y^COs(stlogPfc) 

Pk''^ Pk" 



k=l ^ ^ 

1/2 , , , 1\ 
^7^cos(stlogpfc) 

~Y1 ( ^7lCOs(stlogPfe) - ^ J - ( ^y^COs(stlogPfc) " ^ ) 

trf VPfc Pk J ^TZl\Pk ' Pk'J 



k=l ' k=l 

3 



1/2 1 \ 

— y I 7- cosfst logpfc) 1 + (finite terms in n ^ oo). (35) 

3 \Pk''^ Pk'J 

We must regularize Eq. (1351) in order to apply it even in the case s = 1. We try to 

n ^ 

reularize Eq. (I35p by way of dividing an appropriate factor > — , which leaves a leading 

k=i ^'^ 

divergence divergent and makes a non-leading divergence convergent. In fact, we divide Eq. 

m by 

n f 1 + -) , (36) 
t\ V PkJ 

which we also adopted in the equation (26) of the first part. Thus we study the divergence 
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in the form of 



2 1 
IT I ^ - ^cos(stlogpfc) + — 



k=l 



k=l 

which corresponds in the summation form as 



_2 cos(t logpfc) / cos(tlogpfc) _^ ^\ 1_ 



n 

E- 

where we set s = 1. The leading divergent term of Eq. fl551) in n ^ cxd is 



The form of divisor TT ( 1 H ) means that using the Mertens' theorem 



k=l 

and the Euler's C(2) 



k=l 



Pk^J TT 



(37) 



(38) 



cos(t logpfc) ^gg^ 



n(i_i).^(i,o(-L)) (40) 



n - A) = ^. (41) 
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we get 



^ \ ( 1 ^ I ^ / 1 



k=l ^ ' ^ k 



logp^ f 1 + O f-^ ) ), (42) 



m . ^ 

logTT 1 + - 




(43) 
where 

^<C<e\ (44) 

The Euler product representation for n ^ oo is only vahd for s > 2, and we restrict our 
interest for t > 0. The zeros of the Riemann zeta function make Eq. (IMl) divergent, which 
means that products are multiphed maximally in the right hand side. Each term in Eq. flMl) 

is maximized when cos(stlogpfc) = —1, namely, st = - — ^— (m =natural number). 

We give graphs for the superposition of cosine functions, which indicate the solution of 
cos(tlogpfc) = —1 as local maximum values, 

>A cos(t logpfc) 

ynAt) = 2^ — — • (45) 

k=i 

Judging from the graph of a = 1 (Figure 2), the denominator pk seems to be well-matched to 
cancell the notches come from the superposition of cosines. Thus zeros of the Euler product 
representation in Eq. 0341) preserve the value even in the form of the summation in Eq. fl45p . 
The terms to regularize the divergence will be formed essential to the order on the critical 
line in the next section. 
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4 The order of the Euler product for the Riemann ze- 
ros 

Here we introduce two notations as 

Cniz) ^ (46) 
fc=l 

m I 

to clarify the relation between n of the summation form and m of the product form. 

1 



k=l- p>^ 

11 1 \ / 1 1 1 



2"! '22m J \ 3"^"^ 

111 \ / 1 1 1 

X l + — + + + ••• 1 + — + — .7 + ^77 + 



Km K2m c:3m / \ n ^ n "^^ ^ 3z 

o O O / \ Prn Pm Pm 

1111 

where we point out that the terms after (p^ + 1) are composite numbers. We can easily get 
the relation 

C(^) < (49) 

n ^ 

As lim > — converges for the value 3?^; > 1, we can write down by 

n— ►oo ^ — ^ 

k=l 

m 

Y.i;-o{i) (50) 

k=l 

for k which is a subset of a natural number. We can write 

Ef = C(-)-1' (51) 

fc=2 

SO it reads 

OO OO _ OO 

EE^ = E{c(/)-i} = i- (52) 

i=2 k=2 1=2 
11 



As for a convergence of Eq. (l52l) . k can be replaced by \^ or y/pk, so long as we add up 
with k from k = 3. ^ 

Thus we only deal with a series of ) with fisrt power or less, 



/Pn 



m ^ 

= n 1+^+- 



fc=i 

m 



Pk Pk PkJPk Pk^ Pk'^^JPk 



1 1 

+ 



k=l 

m 



-JPk Pk Pk^/Pk Pk'^l-iy/Pk) \ 



1.1 VPt tTi P" 



k-- 

We focus on the second term 



m _ 



m log m -I 

dr + 0{l). (54) 



/a v^rTogr 

We estimate the infinite integral of the first term and get the series 

1 , ^( ^ 1 1-3 1 ■ 3 ■ ■ ■ (2n - 3) 



Vr\ogr \ Vlog r ^J{\ogrf ^J{\ogrf VTlog^ 



\2n-l 



, 1 • 3 - ■ ■ (2n - 1) , 

+ / — ^ ' dr (55) 

A/r(logr)2"'+^ 
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As the r value of last term corresponds m logm, we put r = m logm into + 0(1) 



mlogm , r ^\ n mlogm ^ 



log(m log m) y log m + log log m 



m . I — , 

+ o\\/m) 



^ I log log m 
log m 

= 2v^ + o(vrn) (56) 

From Eq. fH6l) . we estimate 



^'(V2)=x:^= ^+o(i)=2v/^+o(i) 



Thus we conclude 



These equations reads 



(57) 



{^(1/2)}^ = 4n + o(v/^) 

e(l/2 + zt„)e(l/2-.t„) ^ 

™C^(l/2 + ^tn)C^(l/2-^t„) ' ^^^^ 

which means that the order is n. This fact confirms the value of a = 1 in Eq. 0451) for the 
smooth. In this way we can substitute C^{z) for Cj^{z) in Eq. (!3T|) 



5 Discussions and remarks 

Here we can show that the Riemann hypothsis holds for the L-function by using the 
approximate functional equation for the Dirichlet's L-function as well as that by using the 
regularization for the Euler product as stated in part one. We listed the condition which 
leads the verification for the Riemannn hypotheses as 

1. the existence of the Euler product representation, 
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2. the prime number theorem 7t{x) 



X 



is satisfied, 



logx 



3. the approximate functional equation of the Diri chiefs L-function is satisfied. 

Misuses of the Euler-Maclaurin expansion for the zeta function, which is actually an asymp- 
totic expansion, have prevented the Riemann hypothesis from being demonstrated. 

According to the conclusion of the first part, the Riemann hypothsis for the Ramanujan's 
zeta function or another zeta function is realized because each function has the Euler product 
representation. The Ramanujan's conjecture for the Euler product corresponds the cosine 
term of the standard form for the Riemann zeta function, so it will hold because | cos6'| is 
less than one due to the independence of logp^- 

About the zeta functions, which have no non-trivial zero besides zeros of the Riemann 
hypotheses, we parametrize them to the standard form. In such a case that the Sato- 
Tate theorem for the elliptical zeta function shown by Richard Taylor has a same structure 
for uniform distributions [3] for the zeros Aj of the Riemann zeta function and logpk, the 
logarithm of the primes pk, the Sato- Tate conjectures |4] for all zeta function that have the 
standard form of the Euler product will be realized. Moreover the conjecture will hold for 
the direction of zeros Aj as well as primes pk- 

The Sato- Tate conjecture, the 26 of which corresponds Xjlogpk here, claims that the 
response of /c-direction increase(A; = 1, 2, ■ ■ ■ , oo) of pk yields the distribution of 



where 0<a<6<f3<7r. On the other hand, once we can put 26 = Xj log pk, we claim 
that the response of j-direction increase(j = 1, 2, ■ ■ ■ , oo) of Xj yields the same distribution 
above as Eq. (!6T!) . The relation above is satisfied when zeros Xj or prime numbers pk of 
Xj \ogpk{= 26) is taken so that cos26' is close to —1. 

We normalize the product of Xj and logp^ introducing new notations /ij and Vk as 



and the A;-direction(A; = 1, 2, ■ ■ ■ , oo) average of HjPk ~\~ [f^j^k] will be from the Sato- Tate 
conjecture, where [ ] is the Gauss symbol. By the law of large number, we can write down 




(61) 




(63) 
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so we get 



k=l 

We can estimate the denominator asjiS] 

logpfc = log(/clog A; + 0(log A;)) = log + 0(loglog fc), 



^logpfc = ^(log/c + 0(loglog/c)), 



k=l 



m ^ 



k=l 
1 

2^ 



(logx + 0(log \ogx))dx 



— m(logm — 1) + O ((log log m) logm) 
27r 



After all, we write a following approximate relation for any fij, 

k=i ^ ^ 



2^m(logm — 1) + 0((loglogm) log 



27r^[/ij-z/fc] 



k=\ 



+ 



TT 



+ 



using Aj = /ij, z/fc 



logPfc 



27r 



m(logm — 1) logm— 1 ym^logm 
we write the relation for any A,- 



fc=i 



Ajlogpfc 
27r 



TT 



1 



log m 

1 



(64) 



(65) 
(66) 



(67) 



(68) 



(69) 



m(logm — 1) logm— 1 

In the similar way, we take the j-direction average of /ijZ/fc ~\~ [/^i'^fc]) we can write 
down 

~ ~ (70) 

j-- 



i=i ^ ^ i=i ^ ^ 
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so we get 



We also estimate the demoninator as 



^ log _7 + log 27r 



+ 



log^ j 



^ ^ log 7 

j=l j=2 j=2 



log^ j 



2n 
2tt 



X 



X 



log a; 

2 



logn 



2 logx 



+ 



dx+ I O 

n 

+ 71 



X 



log^ a; 



dx 



X 



log a; 



(ia; + 



n 



log^ n 



so we write a following approximate relation for any i/^, 



7 = 1 ^ ^ 



Tin 
logn 

/ 



+ 



n 



log^ n 



1 

2^ 



21ognE[)"j^ik] 



+ 



logn 



n 



O 
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Finally we write down the relation for any pk 

Ajlogpfc 



logpfc = 2TTUk 



21ogn^ 



2tt 



log n ^ ( log n 



n 



(75) 



Pk = exp 



Aj logPfc 
2n 



+ — > ■ exp <; O ( — 



n 



n 



2£"^l[^l°gPfc/(2^)] 1 



n 



(76) 



Equations fl5^ and fl75]) are a set of equations which gives prime numbers and zeros of the 
Riemann zeta function. 
The equation 

M N ^ 

j=l k=l 

for sufficient large numbers M and A^, which we call the function equation for the zeta 
functions, will be the equations for primes and zeros. In the similar way, we can think about 
another function equation 

M N 

Y ^^^^^ ~ t^i'^'^] = ^^^^ 
j=i k=i 

which is lead to from the zeta function 



k=l 



-1 _ C(2^) 

c(^) ■ 



(79) 



The summation representation of this kind zeta function is 

" A(n) 



M = E 



n=l 



n~ 



(80) 



where A(n) is the the Dirichlet lambda function defined by 



(81) 
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which is just the form substituted A(n) for r(n) of the Ramanujan's zeta function. The 
function f(z) has zeros at 2z = ^ ± iXj, namely, z = j± and has poles at z = ^ ± iXj. 

The zeta function above in Eq. fl79l) has a functional equation, so the Riemann hypothesis 
associated with it is realized. The trivial zeros, which are negative even numbers, for the 
Riemann zeta function is realized for /x = —2m and nu = l(mod ^) 

When we think about the function 

f"W = nj£iy. (82) 

which may have the similar nature as for zeros and poles to s-type zeta function like 

C5L(2,z)(^)= n {l-N{pr}-\ (83) 

pGPrim(SL(2,Z)) 

which is known as the Selberg zeta function. In the limit of n — oo for gn{z), goo{z) will 
converge to C{z)~^. 
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